We propose a new theoretical approach for description of the equilibrium and bistable states of ferroelectric liquid crystal. A sample of ferroelectric liquid crystal is considered in the "bookshelf " geometry under the influence of electric field. Continuum and perturbation theories are used in order to establish the relation between the scale coefficients in the expansion for the azimuthal angle. The equilibrium states of ferroelectric SmC * are determined in the framework of the catastrophe theory.
Introduction
Ferroelectric liquid crystals (FLCs) are widely used in production of fast displays in electronic equipment due to fast response time (∼100 ) to the electric field. Inherent permanent polarization that interacts with the electric field makes ordering of molecules completely different from usual liquid crystals, and in this connection numerous technical applications arouse great interest in investigations of FLC structures. In 1980 Clark and Lagerwall [1] introduced bistable FLC. These crystals are considered as a potential operating component for production of e-paper due to its fast response time, wide viewing angle, and so forth [2] .
However, the progress in the development of optical processing systems is being impeded by the lack of enough knowledge on instabilities of FLCs, which is related with the free energy. One of the main advantages in the application of the methods of bifurcation theory to nonlinear stability problems is that in general it is possible to reduce the dimension of the original system to a low dimensional bifurcation system, mainly in the neighborhood of the critical points.
As known, bifurcation theory and catastrophe theory are two of the best known areas in the field of dynamical systems. Due to its topological character, catastrophe theory has several advantages that allow getting qualitative results. Catastrophe models have been successfully applied in various fields of research [3] . Gibelli and Turzi [4] applied catastrophe theory to derive a criterion for identification of tricritical points in a multiorder parameter system represented by SmC. In [5, 6] authors proposed that the Landau expansion of free energy can be represented as a catastrophe functional that possesses inherent properties for description of instabilities. The lack of this proposition is that the corresponding relation between the behavior parameters is not represented.
In our research we applied asymptotic methods in order to elaborate the relation of the governing parameters in the series of azimuthal angle. Due to the complexity of the torque balance equation, it is difficult to find the values of the governing parameters and calculate the minima of free energy. The applied catastrophe theory to the study of the free energy potential of FLC provided a detailed mathematical description of how the geometry of the energy functional varies with the control parameters. The local geometry around the critical points of the free energy functional is represented by a certain catastrophe function, which is determined by the elastic, surface, spontaneous polarization and dielectric free energy densities. The obtained plots confirm the validity of the catastrophe theory for description of bistability of FLC. The advantage of this qualitative approach is that the catastrophe functional makes it possible to find energy minima and bifurcation points in multiparameter dynamic systems. This paper is organized as follows: in Section 2 we introduce the relation that models the behavior of the azimuthal angle and free energy of ferroelectric liquid crystal. Then with the aid of the torque balance equation and the approximation theory we establish the relation between the behavior parameters in the proposed relation. In Section 3 we introduce the normalized free energy potential in the form of the cusp catastrophe. The results are discussed in Section 4.
Free Energy of Ferroelectric Liquid Crystal
Assume that in the absence of the electric field molecules of FLC align in parallel to a substrate (planar alignment). When electric field is turned on, consider a director n of FLC, which is placed in this field n = sin cos e + sin sin e + cos e ,
where is the polar angle between n and the -axis and is the azimuthal angle in the Cartesian coordinate system. As illustrated in Figure 1 , the electric field E in the FLC is directed along the -axis, which is normal to the bounding plates separated by a distance , and the sample of FLC is uniform along the -and -axes. The total free energy density of FLC, which is confined between two plates, consists of elastic energy density el , surface energy density , spontaneous polarization density , and the dielectric interaction energy density diel induced by the applied field. Then the total free energy of the FLC is given by
where , are area and volume of the sample. The substitution of n into the elastic part of the free energy density gives
where
In these expressions and are the inherent twist and bend wavenumbers (≃ 1.3⋅10 6 m −1 ); 1 , 2 , 3 are splay, twist, and bend elastic constants.
The dielectric interaction energy density diel is expressed as
, and 0 is the dielectric constant. Next, the polarization density is given by
where is the magnitude of the polarization vector; the physical interpretation of P s can be found, for example, in [7] . The surface interaction associated with the anchoring is defined as
where 1 , 2 denote azimuthal and polar anchoring strengths between the molecules of liquid crystal and bounding plates and is the pretilt angle of the molecules [7, 8] .
Suppose that ≃ 0 (e.g., 0 < ≤ /36 rad); then the following approximations are valid:
It is known that in FLCs the spontaneous polarization vector P s exhibits inherent rotation within the -plane. Assume that the mean of the azimuthal angle is defined relative to the -axis as the following series:
wherẽis the normalized length̃= / and is a dimensionless parameter. Consider this expansion for = 2; then
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In the following, we will assume that̃= ; then ∈ [0; 1]. The substitution of (10) and approximations of trigonometric functions into the stationary torque balance equation [7] under the one-constant approximation 
where is the constant along the -axis and ] = 0. The complexity of (12) makes it unsolvable analytically with respect to coefficients . In order to gain some insight into the free energy potential (2), we apply the perturbation methods [9] . Since (12) is an identity for each parameter , then each factor of ( = 0, 1, 2) vanishes independently. Consider the factor of in the identity (12); then we obtain 
This means that either 1 = 0 or
then
There exist many FLCs that possess negative and positive dielectric anisotropy [10] . In our example we suppose that Combining functionals (3)- (8) in (2), we find that the total free energy is a function of , where ∈ [0;1]. Carrying out the integration over , we obtain
Note that for the given parameters of FLC, the factor of 3 2 can be neglected because
; therefore we will not take it into consideration.
Cusp Catastrophe Model
To get free term in higher degree of functional (17), it is convenient to divide it by . So, we analyze the normalized free energy and have reduced our problem to the famous cusp catastrophe [6] . It is known that two types of variables are distinguished in the catastrophe theory: control and behavior variables. The behavior of the system is described by the relation between these variables.
Free energỹwritten in terms of the cusp catastrophe model is̃( where 2 plays a role of the behavior parameter. Therefore, functional (20) can be referred to as bifurcation model exhibiting a cusp catastrophe. Depending on the control parameters = / and = / , thẽhas one or two minima. The bifurcation set is given by the condition that a critical point is degenerate. Then the projection of̃into the ( , ) space can be determined as
and by eliminating 2 , we obtain [3] the bifurcation set
This set is plotted in Figure 2 , where two curves merge according to the power-law behavior. It is clear that the explicit computation of ( 2 ) represents a difficulty; therefore we will make a qualitative analysis of (20) and (22). Consider the line ---in Figure 2 for a fixed mean of the parameter . In point only one minimum of free energy exists, and the system is assumed to be in this minimum (solid line in Figure 3 ). When we increase , the system shifts to the point , where a second minimum starts to appear (dashed line in Figure 3) .
When the values of and are such that the state of FLC is between the bifurcation set (line ), there exist two isolated minima with a potential barrier between them (dash-dotted line in Figure 3 ). The barrier disappears in the bifurcation point , and even a small perturbation causes the system to move to the left-hand minimum. Similar behavior is possible when we move from point to , but when we change the field polarity and follow from to , FLC enters the right-hand minimum ( Figure 3 ). As can be seen, a hysteresis in FLC occurs exhibiting free-energy wells. In other words, the behavior of FLC depends on the direction of the way that the system changes. The explanation of this effect is known in literature as the Clark-Lagerwall bistability [1, 10] , which occurs when electric field breaks zenithal anchoring. In the surface stabilized FLC geometry, the free-energy wells (Figure 3 ) at two azimuthal orientations of the director on the tilt cone are created by interactions with the surfaces of the bounding plates in thin cells. This effect occurs if 1 ̸ = 2 and Δ( , ) ≤ 0. When Δ( , ) > 0, then expressioñ/ 2 = 0 has one root in the 2 -space, and FLC is stable because free energy has one minimum (points and in Figure 2 ). If expressioñ / 2 = 0 has three roots, then bistabilities in FLC occur, and Δ( , ) < 0 (see Figure 4) .
Thus, bistable state of FLC is described by using the free energy potential and the cusp catastrophe model. The plot Δ( ) can help to determine the range of the electric field when bistability in FLC occurs.
Conclusions
The main result of this paper for theory of FLC is the justification of the relation between behavior parameters in the series expansion of azimuthal angle. For solution of this problem we considered equilibrium state of FLC in the "bookshelf " geometry when an electric field is applied perpendicular to the substrates. The proposed expansion for helped us to reach the following numerical results: by using Physics Research International 5 the torque balance equation and the bifurcation theory, one can readily establish the relationship between the behavior parameters . The free energy potential given in (2) can be replaced by a functional with a priori known properties. The demo example explicitly shows bistability of FLC from the value of that corresponds to the break of zenithal anchoring.
